COMPUTATIONS OF THE ORBIFOLD YAMABE INVARIANT 
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Abstract. We consider the Yamabe invariant of a compact orbifold with 
finitely many singular points. We prove a fundamental inequality for the es- 
timate of the invariant from above, which also includes a criterion for the 
non-positivity of it. Moreover, we give a sufficient condition for the equal- 
ity in the inequality. In order to prove it, we also solve the orbifold Yamabe 
problem under a certain condition. We use these results to give some exact 
computations of the Yamabe invariant of compact orbifolds. 

1. Introduction and Main Results 

There is a natural differential-topological invariant, called the Yamabe invariant, 
which arises from a variational problem for the functional E below on a given 
compact smooth n-manifold M (without boundary) of dimension n > 3. It is well 
known that a Riemannian metric on M is Einstein if and only if it is a critical 
point of the normalized Einstein-Hilbert functional E on the space A4(M) of all 
Riemannian metrics on M 



E : M(M) -> R, g^E(g) 



Vol ff (M)(™- 2 )/"' 

Here, R g ,dii g and Vbl s (M) denote respectively the scalar curvature, the volume 
element of g and the volume of (M, g) . Because the restriction of E to any conformal 

C=[g] :={e 2 /.j|/er(M)} 

is bounded from below, we can consider the following conformal invariant (called 
the Yamabe constant of [M, C)) 

Y(M,C) :=w! E(3). 
gee 

A remarkable theorem g5J EH E Hfl |35] (cf. [U US IM1 HD]) of Yamabe, 
Trudinger, Aubin, and Schoen asserts that each conformal class C contains a min- 
imizer g of E\c, called a Yamabe metric (or a solution of the Yamabe problem), 
which is of constant scalar curvature 

R g = Y(M, C) ■ Vo\ g (M)- 2/n . 

The study of the second variation of E done in [21] [36] (cf. [TO] ) leads naturally to 
the definition of the following differential-topological invariant 

Y(M) := sup ME(g)= sup Y{M,C), 
cec(M)9 eC cec(M) 
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Computations of the orbifold Yamabc invariant 



where C(M) denotes the space of all conformal classes on M. This invariant is called 
the Yamabe invariant (or a -invariant) of M and it was introduced independently 
by O. Kobayashi [TS] and Schoen [35] (see also [THIGH])- 

In the study of Yamabe invariant, with certain geometric non-collapsing assump- 
tions, we will often encounter Riemannian orbifolds (or Riemannian multi-folds 
more generally) as the limit spaces for sequences of Yamabe metrics (cf. [T] 142 ] 144 ] ) . 
For a compact n-orbifold M with an orbifold metric g, one can also define the 
corresponding Yamabe constant Y(M, [g] rb) and Yamabe invariant Y orb {M) (see 
Section 2 or [3] for details). Let Mi and M 2 be compact n-orbifolds with same num- 
ber of finite singularities {pi, ■ ■ ■ ,pi} and {qi, ■ ■ ■ , qi} respectively. Assume that 
each corresponding singularities pj and qj have a same structure group Tj(< 0(n)). 
For each j, let B(pj)(c Mi) and B(qj)(c M2) denote respectively open geodesic 
balls of sufficiently small radiuses centered at pj and qj with fixed reference orbifold 
metrics. Then, the boundaries of these two balls can be naturally identified by a 
canonical diffeomorphism. Let 

N := (Mi - u] =1 B(p,)) U Z (M a - U? j=1 B%)) 

be the sum of Mi — \Jj =1 B(pj) and M 2 — U l j =1 B(qj) along their common boundary 
Z := 9( L_l| =1 B{pj)j — <9( Ll| =1 B(qj)). Note that TV has a canonical smooth 
structure as manifold. For simplicity, in Section 4, we will abbreviate the above 
decomposition as the generalized connected sum 

N = Mi# u , =i(s „_ 1/r . } M 2 . 

One of main purposes of this paper is to prove the following fundamental inequal- 
ity for the estimate of the orbifold Yamabe invariant from above and a sufficient 
condition for the equality in this inequality. The inequality also includes a criterion 
for the non-positivity of the invariant: 

Theorem A. Under the above understandings, assume that 

Y(N) < (resp. < 0) and Y orb {M 2 ) > (resp. > 0). 

Then, 

Y orb {Mi) < Y(N) < 0. 

Moreover, if Mi admits an orbifold metric g of constant scalar curvature satisfying 
E(g) = Y(N), then 

Y orb (Mi) = Y(Mi, [g} orb ) = Y(N) < 0. 

On the computation of Yamabe invariants for smooth manifolds, a first remark- 
able result is the following proved by Aubin [5] (cf. [5]) : 

Y(M,C) < Y(S n , M) = E(g ) ( = n(n- l)Yol go (S n ) 2/n ) 

for any C € C(M), where go is the standard metric of constant curvature one on 
the standard n-sphere S n . This implies both the universal estimate for Y(M) from 
above and the computation of Y(S n ) 

Y{M) < Y{S n ) = n{n-l)Vo\ go (S n ) 2/n . 

Kobayashi [13 [19] and Schoen [36] proved that 

Y(S'™~ 1 x S 1 ) = Y(S n ). 
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Kobayashi also gave two kind of proof for it (see [4] for the third one) , one [19] of 
them especially is based on the following important inequality, called Kobayashi 's 
inequality: 

-(|F(Mf)|"/ 2 + |r(M 2 n )|"/ 2 ) 2/ ™ • ■ ■ y(Mf ), Y{M$) < 0, 
min{Y(Af"),Y(Af™)} ••• otherwise 



Y(M?#M™) > 



for any two compact n-manifolds M\ , Mi . This has been extended to some useful 
surgery theorems [5J 1311 133) . On the other hand, some classification theorems for 
manifolds with positive scalar curvature metric O [X5l [37[ [38l [41] lead to many 
examples of manifolds with zero (or non-positive) Yamabe invariant, for instance, 
Y(T n ) — for the n-torus T n (see [32] for further development). 

In 1995, LeBrun [24] computed the Yamabe invariants of smooth compact quo- 
tients of complex-hyperbolic 2-space, which was the first example of manifolds with 
negative Yamabe invariant. He and collaborators jT6j [T7l [25] [26j [27] also computed 
the Yamabe invariants for a large class of 4-manifolds, including Kahler surfaces 
X with either Y(X) < or < Y(X) < Y(S 4 ) (see E] for 3-manifolds M 3 
with either Y(M 3 ) < or < Y(M 3 ) < Y(S 3 ) ). In particular, for any minimal 
complex surface of general type X, he [35] computed its Yamabe invariant Y(X) 
to be 

Y(X) = -4V2ir^/2 X {X) + 3r(A) < 0, 

where xPO an d r (^0 are respectively the Euler characteristic and signature of X. 
Moreover, if X contains (— 2)-curves, there exist a sequence of metrics {gi\i on X 
and a Kahler-Einstein orbifold metric g on the canonical model X can of X such 
that 

lim Y(X,[ 9i ]) = Y(X), lim d GH ((X, 9i ), (X can ,g)) = 0. 

Here, den denotes the Gromov-Hausdorff distance. This result suggests naturally 
the following question : " Can one describe rigorously the above fact in terms of 
Y(X cani [g] orb ) and Y orb (X can ) ? " 

The other of main purposes of this paper is to answer it. 

Theorem B. Under the above settings, the following holds 

Y or \X can ) = Y(X can , [g] orb ) = Y(X). 

In Section 2, we recall the definition on the orbifold Yamabe invariant from 
[3] and explain briefly some terminologies. For the proof of Theorem A, we also 
recall some necessary terminologies and basic results on the Yamabe invariant of 
cylindrical manifolds [2]. Applying these results to the orbifold Yamabe invariant, 
we prove the first assertion of Theorem A. In Section 3, for the proof of the second 
assertion in Theorem A, we consider the existence problem of minimizers for the 
functional E on compact conformal orbifolds, that is, the orbifold Yamabe problem. 
Under a certain condition, we solve this problem. Using the solution, we can prove 
the second assertion. In Section 4, we give two more typical exact computations of 
the orbifold Yamabe invariant besides the proof of Theorem B. 
Acknowledgements. The author would like to express his sincere gratitude to 
Nobuhiro Honda and Jeff Viaclovsky for helpful discussions on singularities of com- 
plex surfaces and on the orbifold Yamabe invariant respectively. He also would like 
to thank Claude LeBrun for useful comments. 
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2. The orbifold Yamabe invariant 

For the sake of self-containedness, we first recall the definition of orbifolds with 
finitely many singular points which we discuss here [3] . 

Definition 2.1. Let M be a locally compact Hausdorff space. We say that M is 
an n- orbifold with singularities 

Sr = {(pi,Ti), ■■■ , (pe,T e )} 

if the following conditions are satisfied: 

(f) E := {pi, ■ ■ ■ ,pi} C M, and M — S is a smooth n-manifold. 

(2) r := {Ti, • • • , r^} is a collection of non-trivial finite subgroups Tj of 0(n), each 
of which acts freely on R n - {0}. 

(3) For each pj, there exist its open neighborhood Uj and a homeomorphism tpj : 
Uj — > M T] (0)/Tj for some Tj > such that 

v, , \l>,\ > U- • 0) {0}) I , 

is a diffeomorphism. Here, B Tj (0) := {x = (x 1 , ■ ■ ■ ,x n ) G K" | \x\ < Tj}. 

We refer to the pair (pj , Tj ) as a singular point with the structure group Tj and 
the pair (Uj, tpj) as a local uniformization. To simplify the presentation, we assume, 
without particular mention, that an orbifold M has only one singularity, i.e., Er = 
{(p,T)}. Let if : U -> B r (0)/r be a local uniformization and tt : B r (0) -> M T (0)/T 
the canonical projection. We also always assume that M is compact. 

Definition 2.2. (1) A Riemannian metric g £ A4(M — {p}) is an orbifold metric if 
there exists a T-invariant smooth metric g on the ball B r (0) such that (i^ -1 o7r)*g = 
g on B r (0) - {0}. We denote by M orb (M) the space of all orbifold metrics on M. 
In the case when Er = {(pi,Ti), ■ ■ ■ ,{pi,Ti)), the space of all orbifold metrics is 
defined similarly. 

(2) For an orbifold metric g £ M orb (AI), its orbifold conformal class [g] or b is 
defined by 

[gU := [g]nM orb (M) 

= {e 2/ ■ g | / G C°(M) n C°°(M - {p}), o tt)*/ G C°°(B t (0))}. 

We denote by C orh (M) the space of all orbifold conformal classes. 

As in the smooth case, consider the normalized Einstein-Hilbert functional 

E : M orh (M) -> E, g^ $M R 9 d »9 



Vol 9 (M)(™- 2 )/« ' 

Since the singularity has codimension at least three, Stokes' theorem and Gauss' 
divergence theorem still hold over Riemannian orbifolds. Hence, g is a critical point 
of E on Ai orb (M) if and only if g is an Einstein orbifold metric. Then, one can 
define naturally the definition of the orbifold Yamabe invariant. 

Definition 2.3. For a conformal orbifold (M, [g] or b), its Yamabe constantY(M, [g] rb) 
is defined by 

Y(M,[g] orb ) := inf E{g). 

Moreover, the orbifold Yamabe invariant Y orh (M) of M is also defined by 

Y orb (M) := sup Y(M, [g} orb ). 
[g]orb£C orb (M) 
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Before we explain some necessary terminologies on the Yamabe invariant of cylin- 
drical manifolds, we give two comments on orbifolds with positive orbifold Yamabe 
invariant. 

Remark 2.4. Let (X, g) be a hyperKahler asymptotically locally Euclidean (abbre- 
viated to ALE ) 4-manifold constructed in [22] (cf. [29]), where X is the minimal 
resolution of the quotient space C 2 /r for a non-trivial finite subgroup T of SU(2). 
Then, (X, g) has a smooth conformal compactification (X := XUjpoo}, g) with sin- 
gularity {(poo,r)} [131 HI], which has a positive Yamabe constant Y(X, [g]orb) > 0. 
In [33J Theorem 1.3], Viaclovsky has proved the following: 

(1) The orbifold Yamabe problem on (X, [g] rb) has no solution. This implies that 
the orbifold Yamabe problem is not always solvable (see Section 3 for the solvabil- 
ity), in contrast with the case for smooth compact conformal manifolds. 

(2) He computed the orbifold Yamabe invariant of X as 



However, similarly to the case for smooth compact manifolds, there is not much 
exact computations of positive orbifold Yamabe invariants at present. 

In the proof of both (1) and (2), one of key points is the following estimate, 
called refined Aubin's inequality 3] Theorem B] 



for any compact Riemannian n-orbifold (M, g) with singularities {(pi, T\), • • • , (pi, Tij}. 
This inequality is also crucial to give a sufficient condition for the solvability of the 
orbifold Yamabe problem in Section 3. 

Definition 2.5. Let X be an open n-manifold with tame ends, i.e., it is diffeomor- 
phic to WUz (Z x [0, oo)), where W(c X) is a relatively compact open submanifold 
with boundary dW =: Z = Z x {0} (possibly finitely many connected component). 
For a fixed h £ Ai(Z), a complete Riemannian metric g on X is called a cylindrical 
metric modeled by (Z, h) if there exists a global coordinate function t on Z x [0, oo) 
such that g\zx[i,oo) is the product metric g(z,t) — h(z) +dt 2 ( (z,t) G Z x [1, oo) ) 
(see Figure 1). Each pair (X, g) is called a cylindrical manifold and h a slice met- 
ric. We denote by M. v (X) the space of all cylindrical metrics on X modeled by 



Y° rb (X) - Y(X, [g] orb ) = Y(5 4 )/|r| 1 / 2 . 



Y(M, [g] orb ) < Y° rb (M) < min 




Y(S n ) 



(Z, h). 




g(z, i) = h(z) + dt 2 on Z x [1, oo) 



X - W = Z x [0, oo) 



Figure 1: A cylindrical manifold (X,g) 



For the definition of the Yamabe invariant on cylindrical manifolds, we first 
recall the following fact. On a compact Riemannian manifold (M,g), the value of 
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functional E(g) for conformal metric g :— u 4 ^ n 2 -* • g G [g] can be rewritten by 

P ^ J M (an\Vu\ 2 + R g u 2 )dfi g / \ 4(n- 1) 

= ~ (m _ 2)/m ( =■■ <W«) j, a n := —-^ > 0. 

(Jm m2 " /( ^ 2) ^ 9 ) 

Definition 2.6. The Yamabe constant Y(X, [g]) of a cylindrical manifold (X,g) is 
defined by 

Y (x,®)--= p inf Q (JClS )(«), 

where C%°(X) denotes the space of all smooth functions on X with compact 
supports. Moreover, for a fixed /i G M.(Z), the h- cylindrical Yamabe invariant 
Y h ~ cyl (X) of the open manifold X with tame ends is also defined by 

Y h - cyl (X) := sup Y~(Y, [g]). 

To simplify the presentation, we also assume, without particular mention, that 
each underlying manifold X has only one connected tame end. In contrast with the 
case for compact manifolds, the constant Y{X, [g]) is not always finite. For instance, 
if the scalar curvature Rh of slice metric h is negative on Z, then Y(X, [g]) = —oo. 
As a complete criterion for the finiteness of Y(X, [<?]), we have obtained the following 
[1 Lemmas 2.7, 2.9]. 

Proposition 2.7. For h 6 A4(Z n ~ 1 ), let Ch be the operator on Z n ~ x defined by 

4(n-l). 

£-h '■= 7^~^h + Rh, 

n — 2 

and \{Ch) the first eigenvalue of Ch- Then, we have the following on the Yamabe 
constant of a cylindrical manifold (X,g) with slice metric h. 

• If X(Ch) < 0, then Y(X, [g]) = -oo. 

• IfX(Ch) > 0; then Y(X, [g]) > -oo. 

• If\(C h ) = 0, then > Y(X, [g]) > -oo. 

We also note that the notion of the /i-cylindrical Yamabe invariant is an natural 
extension of the one of the orbifold Yamabe invariant [3J Theorem 2.9]. 

Proposition 2.8. Let M be a compact n-orbifold with singularity {(p, T)} (see 
Figure 2), and ho € A4(S n ~ 1 /T) the standard metric of constant curvature one. 
Note that the open manifold M — {p} is of one tame end and A4 h °~ cvl (M — {p}) ^ 0. 
Then, 

Y orb (M) = Y h °- cyl (M - {p}). 



Figure 2. 
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Now, we can state the key inequality for ^.-cylindrical Yamabe invariants, called 
refined Kobayashi's inequality [2j Theorem 3.7]. 

Theorem 2.9. Let N be a compact n-manif old and Z a compact (n-l)-submanifold 
with trivial normal bundle. Assume that M — Z has two connected components 
Wx,W 2 . Let Xx := Wi U z (Z x [0,oo)),X 2 := W 2 U z (Z x [0,oo)) be the cor- 
responding open n-manifolds with tame end Z x [0,oo) (see Figure 3). For any 
h G M(Z), we have 

f -(y^^Xi)"/ 2 + \Y h - c y\x 2 )\ n/2 ) 2/n ■■■ if Y h ' cyl (x 1 ),Y h - cyl (x 2 ) < o, 

^ '- I min{y' l - CH '(Xi),r' l - CH '(X 2 )} ■■■ other-wise. 



N = Wi U z W 2 





Figure 3. 

Theorem 2.9 implies immediately the following. 

Corollary 2.10. Under the same setting as in Theorem 2.9, assume that Y(N) < 
(resp. < 0) and Y h ~ cyl (X 2 ) > (resp. > 0). (From Proposition 2.7, the positivity 
Y h ~ cyl (X 2 ) > implies automatically X(Ch) > 0.) Then, we have 

Y h - cyl (X 1 ) < Y(N) < 0. 

We can now prove the first assertion in Theorem A. 

Proof of the first assertion in Theorem A. In Corollary 2.10, set W\ = M\ — 
L^=i-B(&). w 2 = M 2 -U e j=1 B(qj) and h = h onZ = dW x = dW 2 S \J j=1 (S n - 1 /T j ). 
Note that X\ = Mi — {pi, ■ ■ ■ ,pe} and X 2 — M 2 — {qi, ■ ■ ■ , qg}. Then, the first 
assertion follows directly from Proposition 2.8 and Corollary 2.10, that is, 

y orb (Afi) = Y h °- c ^(Xi) < Y(N) < 0. □ 
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Remark 2.11. For given compact manifolds iVi and N2, we generally use Kobayashi's 
inequality in the case for computing (or estimating) Y (Ni^Nz) by using the values 
of both Y(N\) and Y(N2). In contrast with this, the generalized connected sum of 
compact orbifolds is often "prime" as smooth manifold. Hence, the opposite usage 
of (refined) Kobayashi's inequality is also useful as Theorem A. 

3. The orbifold Yamabe problem 

In this section, we first prove the orbifold Yamabe problem under a certain 
condition. 

Theorem 3.1. Let (M,g) be a compact Riemannian n-orbifold with singularities 
{{pi, Ti), • • • , (pi, Tg)}. Assume the following strict inequality: 

Then, there exists a minimizer g € [g]orb of the functional E\[ g ] orb ( called an orbifold 
Yamabe metric) such that the orbifold metric g is of constant scalar curvature 
Rg = Y(M,[g} orb )-Vo\g(M)- 2 / n . 

Proof. We use here the same notations as those in Definition 2.1. Without loss of 
generality, we may assume that M has only one singularity {(p,T)}. The method 
adopting here for constructing approximate solutions is similar to the one in [3J 
Theorem 5.2]. But, as background metric for getting both the uniform C°-estimate 
of approximate solutions and the regularity of a weak solution, we will use rather 
the given orbifold metric g itself than an asymptotically cylindrical metric g € [g\x] 
on X := M — {p} with g — r~ 2 ■ g near the singularity p, where r(-) := dist s (-,p). 
First, note that 

Y(M,[g] orb )= inf Q( X , g )(u). 

Let Bp be the open geodesic ball centered at p of radius p > with respect to g. 
Set 

Yi := inf Q(x, g ){u) 

u£C~(X-Si /i ),«^0 

for i £ N. We have that 

Yi > Yi + i > Yi + 2 > ■ ■ ■ , 
lim Y % = inf Q<x, g )(u) = Y{M, [g] or b)- 

It then follows from the strict inequality (1) and the above that there exists a large 
integer in. such that 

Yi < Y{S n )/\T\ 2 / n < Y(S n ) for any i > i . 

Similarly to the case for compact manifolds without boundary, this implies that 
there exists a no n- negative Q(x-B 1/i ,g) -minimizer Ui G C°°(X — B\/i) such that, 
for each i > io, 



Q(x-B lfi , g )(ui) = Yi, / u? 2 dp g = 1, 

JX-B 1/i 



Ui = on dBi/i, Ui > in X — B 1 / i . 
We denote the zero extension of each U{ to M by also the same symbol Ui 
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Suppose that the sequence {ui} has a uniform C°-bound, that is, there exists a 
constant L > such that 



|K||c°(M) < L for i > i . 

Under this uniform C°-estimate, then there exists a non-negative Q(^/ 9 )-minimizer 
u E W 1 ' 2 (M; g) with ||w||c°(Af) — L such that (taking a subsequence if necessary) 

Uj —> u weakly in W 1,2 (M;g), ui — > u strongly in L 2 (M;g). 

Lebesgue's bounded convergence theorem combined with the above uniform C°- 
estimate for {u^ implies that 

f -22- ■ 

/ U"- 2 dflg = 1. 

J M 

By this equation and the fact that {iti} is a Q(M,g)" mm mri zm g sequence, we have 

Ui — > u strongly in W 1,2 (M; g). 

Under the C°-estimate ||w||c°(M) < L, applying the standard elliptic L p -estimates 
to the Euler-Lagrange equations for u on X and the lifting (tp^ 1 o ir)*u on B T (0), 
we obtain that u € C°°(M). Here, u € C°°(Af) means that u e C°°{X) and the 
lifting (i J 9~ 1 o7r)*u is smooth on B T (0). The maximum principle [HI Proposition 3.75] 
implies that u > everywhere on M, and then we get an orbifold Yamabe metric 

ff:=«V(»-2). ffG [ ff ] or6 . 

To complete the proof, we need only to show a uniform C°-estimate for the 
sequence {ui\. For each Ui 7 take a maximum point q t 6 I of Ui, and set rtii := 
Ui(qi). Taking a subsequence if necessary, we then have that there exists a point 
(joo € M such that 

lim qi=qoo. 

i— >oo 

Suppose that 

lim vrii — oo . 

Then, we will lead to a contradiction as below. 

Case 1. qoo p : Let {V, x — (x , • • • , be a geodesic normal coordinate system 
centered at q^, satisfying V C X. We may assume that {|x| < 1} C V. Set 

_ 2 2 

:= m" 1 • ii,(m, • x + x(q l )) for x £ < m" -2 (1 - \x(qi)\)}. 

Similarly to the proof of Theorem 2.1 in 001 Chapter 5], there exists a positive 
function v G C oc (M") such that 

Ui — > v in the C 2 -topology on each relatively compact domain in M". 



Hence, w satisfies the following: 



i+2 



a n A Q v = Y{M, [g) orb ) -v*-* 

2 „ . . f ^2_ 

v n ~ 2 dx < liminf / u™ 2 c?/i ff < 1, 



where Ao denotes the Laplacian with respect to the Euclidean metric. This implies 
that Y(M, [g]orb) > Y(S n ), and then it contradicts to the assumption (1). 
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Case 2. qoo = p : In this case, we consider rather the liftings Ui :— (tp^ 1 ° ir)*Ui on 
B T (0) than Ui themselves. Similarly to the above, set 

_ 2 2 

Vi(x) := m^ 1 • u i (m i "~ 2 • x + x(q t )) for i £ {i 6 1" |x| < m™~ 2 (r - |z(gi)|)}. 
Then, there exists a positive function v € C 00 ^™) such that 

Ui — > v in the C 2 -topology on each relatively compact domain in M". 
Moreover, v satisfies the following: 

—a n A v = Y(M, [g]orb) ■ on R™, 

/ v^^dx < liminf / u™~ 2 d/ig < \T\, 
where g := (<p _1 o ir)*g. This implies that 

F(M, [g] orb ) > 

and then it also contradicts to the assumption (1) . □ 



We can now prove the second assertion in Theorem A. 



Proof of the second assertion in Theorem A. First, we note that 

Y{M U [g} orb ) < Y orb (Mi) < Y(N) < 0. 

It then follows from Theorem 3.1 and the above inequality that there exists a 
constant scalar curvature orbifold metric g € [g]orb satisfying 

E(g) = Y(M 1 ,[g] orb )<0. 

Similarly to the case for smooth conformal manifolds, the uniqueness of constant 
scalar curvature orbifold metrics in a non-positive orbifold conformal class [3J 
Lemma 2.3] implies that, up to a scaling, 

g = g- 

Combining the above with the assumption E(g) = Y(N), we then have 

Y(N) = E(g) = Y{M 1 , [g] orb ) < Y orh (Mi) < Y(N). 
This implies that r orf, (Mi) = Y(M U [g] orb ) = Y(N). □ 



4. Exact computations 

We first prove Theorem B. 

Proof of Theorem B. First, note that the canonical model X can is obtained by 
blowing down each connected component of the union of the (— 2)-curves in X into 
a point. The structure of an open neighborhood of each singular point in X can is 
modeled by one of A-D-E singularities, that is, the quotient singularity C 2 /T with 
a non-trivial finite subgroup T < SU(2). Then, X can admits a Kahler-Einstein 
orbifold metric g [2D] satisfying 

E{g) = -4V2tt^/2x(X) + 3t(X). 

We denote the singularities of X can by {(fii,Ti), ■ ■ ■ , (pg, Tt)}. 
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For each 1^ , let Xj denote the minimal resolution of C 2 /Tj. Then, each Xj 
admits a hyperKahler ALE metric hj [22], and (Xj,hj) has a smooth conformal 
compactification (Xj := Xj U {ooj}, hj) with singularity {(oo j,Tj)} [131 144] . which 
has a positive Yamabe constant Y(Xj, [hj] or b) > 0. 

With these understandings, X can be decomposed by 

X = ^can#u< =1 (S 3 /r i )( 4?'=1 X j). 

By Theorem A, this combined with Y(X) < and Y orb (Xj) > implies 

Y° r \X can ) < Y(X) < 0. 

Recall that the Kahler-Einstein orbifold metric g satisfies 

E(g) = -4V2ir ^2x (X) + 'Sr(X) = Y(X). 

This gives the desired conclusion: 

Y orb (X can ) = Y(X can , [g] orb ) = Y(X). □ 

Finally, we give two more typical exact computations of the orbifold Yamabe 
invariant. 

1. Let T be a complex 2-dimensional torus and T := T / (id, l) the quotient 4- 
orbifold with 16-singularities {(pi, (id, t)), • • • , (pie, (id, i))}. Here, (id, l) (= Z 2 ) 
denotes the group of degree 2 generated by 

i : C 2 -> C 2 , (zi, z 2 ) i-> (— zi, — z 2 ). 

Pushing down the flat metric on T to T, we have a flat orbifold metric g/; Q t on T. 

Proposition 4.1. 

Y- b (f ) = Y(f, [g flat ] orb ) = 0. 

Proof. Let C(— 2) denote the complex line bundle over the complex projective line 
CP 1 of degree —2. Then, there exists a cylindrical metric g on 0(— 2) modeled 
by (5 3 /(id, i), /io) with positive scalar curvature Rg > (cf. [301 Example 4.1.27]). 
Hence, (0(—2),g) has a smooth conformal compactification (0(— 2) := C(— 2) U 
{oo},!?) with singularity {(oo, (id, t))}. Note that, from the uniform positivity of 
R 5 and the Sobolev embedding W 1 > 2 (C(-2); g) ^ L 4 (0(-2)-g), 

Y(O(^2),{g} orb ) = Y(O(-2),[g})>0. 

Let (Ni,Hi), • • • , (N 16 ,H 16 ) be the 16-copies of (0(p2), (id, t)). With these un- 
derstandings, the generalized connected sum 

X := T# U £ =i(5 3 /ffj) (U^ =1 A,-) 

is diffeomorphic to the Kummer surface, and hence Y(X) — 0. By Theorem A, we 
then have 

Y orb (f) < Y(X) = 0. 

Note that 

E(g f iat) = = Y(X), 

and hence 

Y orb (f) = Y(f, [g flat }orb) = Y(X) = 0. □ 
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2. Let E be an exotic sphere of dimension n := 8fc + 2 > 10 with a([E]) 7^ 0, where 
a is the a-homomorphism from the spin cobordism group f2* pm to the KO-gvoup 
KO- n {pt) = Z 2 (cf. [23, Chapter 2]). For any integer £ > 2, set 

G e := {C j I E GL(4fc + 1;C) | j = 0, • • • ,1 - 1}, C := exp(27r</-i/<) e C, 
where / denotes the identity matrix. The finite group Gi acts the n-sphere S n C 

R n+1 = C 4fc+1 x K by 

A : C 4fc+1 x R -> C 4fc+1 x R, (z,i) i-> A- (z,t) := (A- z,t) for AeGj. 

Then, the quotient space S n /Gi is a compact n-orbifold with two singularities 
{(p+ := [((),••• ,0,1)],G+ := G t ), (j5_ := [(0, • • • , 0, -1)], Gj := G,)}. Pushing 
down the standard metric go on 5" to S n /Ge, we have an orbifold metric §0 of 
constant curvature one on S n jGt. Note that the space ((S n /Ge) — {p+,p-},go) 
is conformal to the product space {{S n ~ 1 /Gt) x R, g := ho + dt 2 ). Then, this 
combined with Rg — Rf lQ = (n — l)(n — 2) > and the Sobolev embedding 
W 1 - 2 ((S n - 1 /G i ) x R;g) L 2 »/(n-2)((5n-i /G*) x R; <?) implies that 

(2) y° rb (57G,) > F(5"/G,, [g ]orb) - Yd^/Gt) x R, [5]) > 0. 
Proposition 4.2. 

r orb (E#(S*™/G £ )) = 0. 
Here, E#(5 , "/G £ ) stands for the connected sum o/E and S n /Gi in the usual sense. 

Proof. We first note the following. By results of Lichnerowicz and Hitchin (cf. [2"31 
Chapters 2, 4]) for a : ft^ -> Z 2 , F(E) < 0. On the other hand, Petean [32] 
proved that any simply connected compact manifold of dimension greater than 4 
has a non-negative Yamabe invariant. Hence, we have 

F(E) = 0. 

Let 

N e := (5 n /G £ )# (s „_ 1/G + )u(s „„ 1/G - ) (S , ™/G^) 

denotes the generalized connected sum. Here, S n /Ge is the same n-orbifold, but 
equipped with the opposite orientation. It turns out that 

N e = (ST-i/Gt) x S\ 

and then it is a compact spin n-manifold with positive Yamabe invariant. Then, 
the positivity Y(N t ) > implies that a([N e ]) = 0, and hence a([E#JV<]) = 
a([E]) + a([N e }) 0. Therefore, 

(3) F(E#Y £ ) = 0. 

We now decompose T,#Ni as the generalized connected sum 

E#Y, = (E#(S"/G,))# (gn _ 1/G + )uCS „_ 1/G - ) (5VG7). 
It then follows from Theorem A combined with (2), (3) that 

(4) Y orb (E#(5"/G,)) < Y(E#Ni) = 0. 

On the other hand, Kobayashi's inequality for Y OTb (Y,#{S n /G t )) still holds. Hence, 

(5) = Y(E) = min{Y(E), Y orb {S n /G t )} < Y orb (E#(S n /Gi)). 



Kazuo Akutagawa 
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The inequalities (4), (5) give the desired conclusion: 

Y orb (E#(S n /G £ )) = 0. □ 
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